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Abstract

A portfolio optimization problem with fuzzy random variables is discussed using coherent risk measures, which are
characterized by weighted average value-at-risks with risk spectra. By perception-based approach, coherent risk measures
and weighted average value-at-risks are extended for fuzzy random variables. Coherent risk measures derived from risk
averse utility functions are introduced to discuss the portfolio optimization with randomness and fuzziness. The ran-
domness is estimated by probability, and the fuzziness is evaluated by lambda-mean functions and evaluation weights. By
mathematical programming approaches, a solution is derived for the risk-minimizing portfolio optimization problem.
Numerical examples are given to compare coherent risk measures. It is made clear that coherent risk measures derived
from risk averse utility functions have excellent properties as risk criteria for these optimization problems. Not only
pessimistic and necessity case but also optimistic and possibility case are calculated numerically to deal with uncertain

information.

Keywords Coherent risk measure - Fuzzy random variable - Perception-based extension - Weighted average value-at-risk -
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1 Introduction

Optimistic/pessimistic index
Possibility/necessity evaluation
weight

Utility function

(Fuzzy-valued) Stock price for asset

i at time ¢

(Fuzzy-valued) Rate of return for asset
i at time ¢

Portfolio weight vector

The set of all portfolio weight vectors
Vector of expected rates of return
Variance—covariance matrix for rates
of return

The optimal expected rate of return
The optimal risk value

In financial asset management, portfolio allocation is a
technique to achieve both minimization of asset risks and
maximization of expected returns. In classical mean-vari-
ance portfolio models, the variance is used as a risk mea-
sure [19]. Recently drastic declines of asset prices are
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studied, and value-at-risk is used widely to estimate the
risk of asset price declines in practical financial manage-
ment [12]. Value-at-risk is defined by percentiles at a
specified probability; however, it does not have coherency.
Coherent risk measures have been studied to improve the
criterion of risks with worst scenarios [4]. Several
improved risk measures based on value-at-risks are pro-
posed: for example, conditional value-at-risk, expected
shortfall and entropic value-at-risk [23, 29]. Kusuoka [16]
gave a spectral representation for coherent risk measures,
and Acerbi [1] and Adam et al. [2] discussed its applica-
tions to portfolio selection and so on. Emmer at al. [7]
compared risk measures by their properties to find best risk
measures. This paper deals with portfolio optimization
using weighted average value-at-risk representation of
coherent risk measures in fuzzy environment.

Portfolio optimization in fuzzy logic framework was
studied first from decision making with fuzzy goal, which
was introduced by Bellman and Zadeh [5], and it has been
developed with possibility measures and necessity mea-
sures by Tanaka and Guo [27], Tanaka et al. [28], Watada
[31], Katagiri at al. [13] and so on. These surveys can be
found in Fang et al. [8]. Using fuzzy random variables,
maximization of fuzzy variable returns is studied by
Hasuike et al. [11], Li and Xu [18], Sadati and Doniavi
[25], Sadati and Nematian [26] and so on. On the other
hand, Yoshida [35], Wang et al. [30] and Moussa et al. [20]
have studied risk values using value-at-risks for fuzzy
random variables as risk criteria, and further Yoshida [39]
has discussed portfolio optimization with coherent risk
measures in fuzzy environment.

During the financial crisis in September 2008 and the
China’s stock market crashing in May 2015, we have
experienced the serious distrust about the stock market
because of imprecise information among investors and the
market. Fuzzy logic is an important tool to represent this
kind of linguistic uncertainty [10, 14]. In this paper, to
represent uncertainty we use fuzzy random variables which
have two kinds of uncertainties, i.e., randomness and
fuzziness. Fuzzy random variables are applied to decision
making under uncertainty with fuzziness such as linguistic
information in engineering, economics et al. [17]. Risk
measures for real-valued random variables are extended for
fuzzy random variables by perception-based approach in
[33]. Yoshda [32] introduced the mean and the variance of
fuzzy random variables, using A-mean functions and eval-
uation weights. This paper estimates fuzzy random vari-
ables by probabilistic expectation and these criteria, which
are characterized by decision maker’s pessimistic—opti-
mistic indexes and possibility—necessity weights. These
parameters are decided by the investor with his certainty
about information in the stock market.
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On February 5, 2018, the flash crash of the stock market
has occurred because of high-speed computers trading.
Nowadays institutional investors operate high-speed com-
puters based on neural computing and deep learning, and
the high-speed trading among computers causes the flash
crash. Decision makers usually select trading strategies
after measuring and observing the risk of assets in the
market. For quick and stable trading, we need to take risk
criterion based on investor’s utility into computational
decision making in asset management. Yoshida [38] has
dealt with portfolio optimization with coherent risk mea-
sures; however, it could not demonstrate how we select
proper coherent risk measures for utility functions.
Recently Yoshida [39] has studied the mathematical rela-
tion between decision maker’s risk averse utility functions
and coherent risk measures, and it has derived coherent risk
measures adapted to decision maker’s risk averse utility.
The derived coherent risk measure can inherit the risk
averse property of the decision maker’s utility function as
risk spectrum weighting. On the basis of mathematical
results in [39], this paper introduces coherent risk measures
derived from utility functions and we discuss risk-mini-
mizing portfolio optimization with fuzzy random variables.
We give numerical examples to compare coherent risk
measures, and we demonstrate this optimization method
which brings us reasonable and stable results taking over
decision maker’s risk averse utility.

The paper is organized as follows: In Sect. 2, we
introduce coherent risk measures and their spectral repre-
sentation. In Sect. 3, from [39] we introduce weighted
average value-at-risks as coherent risk measures derived
from decision maker’s utility functions. In Sect. 4, we give
fuzzy numbers and fuzzy random variables, and we define
extended estimations for fuzzy random variables by per-
ception-based approach. In Sect. 5, we introduce scalar-
ization tools with A-mean functions and evaluation weights
in order to evaluate the randomness and fuzziness for fuzzy
random variables. In Sect. 6, using coherent risk measures
and weighted average value-at-risks, we discuss portfolio
optimization under uncertainty in three steps: The first step
is mean-variance portfolio optimization, the second step is
risk-sensitive portfolio optimization, and in the last step,
we obtain a solution of portfolio optimization for risk
minimization. In Sect. 7, we investigate numerical exam-
ples for the obtained results and we compare coherent risk
measures in relation to utility functions from the numerical
results.
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2 Coherent risk measures

Let Q be a sample space and let P be a non-atomic prob-
ability measure on Q. Let & be a family of all integrable
real-valued random variables X on €2 for which there exists
a non-empty open interval I such that their cumulative
distribution functions Fx(-) =P(X<-):1— (0,1) are
continuous, strictly increasing and onto. Then, there exist
strictly increasing and continuous inverse functions Fy'.
For a positive probability p, a value-at-risk is defined by
the following percentile of the distribution function:

VaR,(X) = supfx € 1 | Fx(x) <p} = Fy' (p) (1)

for p€(0,1) and VaR,(X)
value-at-risk is given by

=supl. Then, an average

AVaR,(X) = }7 /0 ! VaR, (X) dg (2)

for pe(0,1] and XeX. Let R=(—o00,00) and
R, = [0,00). The following definitions are introduced to
characterize risk measures.

Definition 1 Let a map p : XY — R.

(i) Two random variables X(€ X) and Y(€ X) are
called comonotonic if (X(w)—X(o'))(Y(w) —
Y(w')) >0 for almost all w, 0’ € Q.

(i) p is called comonotonically additive if p(X +
Y) = p(X) + p(Y) for all comonotonic random
variables X, Y € X.

(iii) p is called law invariant if p(X) = p(Y) for all
X,Y € X satisfying P(X<-)=P(Y<-).

(iv)  pis called continuous if lim,_,, p(X,) = p(X) fo
{X,} C X and X € X such that lim,_.« X, X
almost surely.

Definition 2 [4] A map p : X'—R s called a coherent risk
measure if it satisfies the following (i)—(iv):

M pX)=p(Y)
(monotonicity)

(i) pX+c)=pX)—c for XX and c<cR
(translation invariance)

(i) p(cX)=cp(X) for X € X and c € R,.. (positive

for X,Y e X satisfying X<Y.

homogeneity)

iv) pX+Y)<pX)+p(Y) for X, YeX. (sub-
additivity)

In [4, 37], it is known about value-at-risks (1) and

average value-at-risks (2) that —AVaR,(-) is a coherent
risk measure however —VaR,(-) is not coherent. For a
probability p € (0, 1] and a function v on [0, 1], we define
an average value-at-risk with weighting v on (0, p) by

AVaR’ (X )—APVaR dq// (3)

Hence, (3) is called a weighted average value-at-risk and v
is called a risk spectrum if it is non-increasing. Then,
coherent risk measures have the following spectral repre-
sentation [16, 39].

Lemma 1 Let p: X— R be a law invariant, comono-
tonically additive, continuous coherent risk measure. Then,
there exists a risk spectrum v such that

1
P00 == [ VaR,(X)v(a) dg = ~AVaRIX) ()

0

for X € X. Further,
X for p € (0,1).

—AVaR[‘,' is a coherent risk measure on

Because —AVaR; iS a coherent risk measure in

Lemma 1, the following lemma holds from Definition 2.
Lemma 2 Let X,Y € X. Then, the following (i)—(iv) hold:

(i) IfX<Y, then AVaR)(X) < AVaR)(Y).

(i) AVaR!(X +c) = AVaR)(X) + ¢ for c € R,
(iii) AVaRj(cX) =cAVaR (X) for c € R..
(i) AVaR!(X +Y) > AVaR!(X) + AVaR!(Y).

3 Coherent risk measures derived
from decision maker’s utility

Yoshida [39] has studied coherent risk measures adapted to
decision maker’s risk averse utility, using weighted average
value-at-risks. Let a risk averse exponential utility function

foy=1—" (5)

T

for x € R with a positive constant 7. On the basis of

mathematical results in [39], we introduce coherent risk

measures derived from risk averse utility functions f. Let a

probability p € (0,1]. Under decision maker’s utility

function f, the average value-at-risks of random variables
X(e€ X) over (0, p) are estimated as

(L[ v aa) ©

In portfolio optimization, we use a coherent risk measure
—AVaR) given by (3) which is the nearest to the risk

estimation (6). Let v be a risk spectrum attaining the
minimum distance

mvin);(f—' (}) /O ’ f(VaRq(X))dq) —AVaR;;(X))2

(7)
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for p € (0, 1]. Then, the risk estimation (6) on the downside
range (—o0, VaR, (X)) is related to negative utilities, and it
acquires decision maker’s risky sense regarding random
variable X, while the coherent risk measure —AVaRI‘; is given

by AVaR; which has a kind of semi-linearity such as Lem-

ma 2(ii), (iii). In this paper, we deal with a case when value-
at-risks of random variables X € X are represented as

VaR,(X) = u+x(p) -0 (8)

with a mean u = E(X) and a standard deviation ¢ = ¢(X),
where x: (0,1)—R is an increasing function. Then, we
have the following lemma from [39].

Lemma 3 Let v € N be a function given by
wp) = b @) ©)

for p € (0,1] with its component function
ZXeXG(X)
D et )<VaR,,

F(Var,y (X)) — 5 J5 F(Vary(X)) dg
< '(% Jo f(var, X))dq))
_f- '( F(VaR,(X)) dq)>'

(10)

Clp) =

If v is non-increasing, then v is an optimal risk premium for
(.

Sketch proof Let p € (0,1). From (8), for X € X, we put
VaR,(X) = u+x(p) - ¢ with a mean u = E(X) and a
standard deviation o = ¢(X). To discuss the minimization
(7), by (3) we define

- (3 10-10m)

11
~ Jo(u+x(q)o) v(q) dg ()
5 v(q)dg

for risk spectra v. Let v be a risk spectrum attaining the
minimum (7). Then, (1 —#)v + z¢ is also a risk spectrum
for t € (0,1) and risk spectra &. Hence, we have

1—1 ) —
limG(( W+ te) — G(v)
t10 t

—0 (12)

for any risk spectrum e¢. This follows

el (5 st o)

B+ k(q)o) v(g) dq> L (13)
Jo v(g)dg '

Therefore, we obtain

@ Springer

= < ( /fu+;< )
/Op v(g) dg — /0(u+x(q) ) ()dq>_0

for all p € (0, 1). Differentiating (14) with respect to p, we
get

(14)

v(p)

= ——=C(p) 15
o v(q)dg (15)
for all p € (0,1), where C is defined by (10). Thus, we
obtain (9) from (15). O

4 Fuzzy random variables and risk measures

A fuzzy number is represented by its membership function
7:R —[0,1] which is normal, upper semicontinuous,
fuzzy convex and has a compact support [40]. Let A be the
set of all fuzzy numbers. For a fuzzy number 7 € N, its a-
cuts are given by closed iy ={x € R
n(x) >a} = [n,,n)] for o € (0,1]. Hence, the fuzzy max
order = is a partial order defined on A as follows For

intervals

fuzzy numbers 7,7 € N,/ = rii means that 7i; >m for
all o € (0,1]. An addition and a scalar multlphcatlon for
fuzzy numbers are defined as follows: For 7, m € N/ and
¢ € R, the addition #n + m of n and m and the scalar mul-
tiplication cn of ¢ and 7 are fuzzy numbers given by their
a-cuts  (n+m), = [n, +m,,n; +mf] and (cn),=
[, ,cnf]if c>0and (cit), = [cn),cn, ] if <0, where
ny, = [, ,n;] and m, = [m; ,m;] (« € [0,1]). Now we also
use the following metric dy on N induced from Hausdorff
metric:  dy (i1, m) = sup,oy max{|a, — |, iy —m}|}
for Ai,m € N'. A fuzzy-number-valued map X : Q — N is
called a fuzzy random variable if )ff € X forall a € (0,1],

where X,(0) = {x € R | X(0)(x) > a} = [X, (0), X, (w)]

for w € Q. Then, a fuzzy random variable X is called
integrable if random variables )fj are integrable for all
a€[0,1]. Let X be the family of all integrable fuzzy
random variables on . Kruse and Meyer [15] gave the
expectation of fuzzy random variables X € X in the fol-
lowing perception-based approach, which is based on
Zadeh’s extension principle, as follows:
E(X)(x) = sup inf X(w)(X(w

( XeX:E(X)=x ©€9 (@)x(w) (16)
for x € R, where E(X) = [ XdP is the expectation for real-
valued random variables X € X. Then, the expectation
EX) is a with E(X), =

o

[E(X;),E(X;)] Puri and Ralescu [22] also discussed the

fuzzy number o-cuts
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expectation (16) of fuzzy random variables by Aumann f (1- A) i) w(e) dot
integral. For a weighted average value-at-risk AVaR in E;(ﬁ) 01" My ) (21)

Sect. 3, we introduce its extended version for a fuzzy
random variable X € X by a fuzzy number

AVaR} (X)(x) = sup inf X(w)(X(w))

XEX:AVaR)(X)=x ©€€ (17)
for x € R. Then, its a-cuts are
AVaR‘ (X ) [AVaR"( )5 AVaR"( )] (18)

for o € [0, 1]. Hence, we obtain the following lemma from
Lemma 2 and (18) in the same way as [34].

Lemma 4 Let X,Y € X. Then, the following (i)—(iv) hold:
() IfX <Y, then AVaR!(X) < AVaR}(Y).
(i) AVaR)(X +¢) = AVaR} (X) + ¢ for ¢ € N,

(i) AVaR!(cX) = c AVaR!(X) for c € R,.
(iv) AVaR)(X +Y) = AVaR!(X) + AVaR} (Y).

We can also extend value-at-risk VaR, and average
value-at-risk AVaR,, in the same way [34]. For a coherent
risk measure p, its extended measure for a fuzzy random
variable X € X is a fuzzy number

PRI = sup inf X(0)(X(w))
XeX:p(X)=x @€

(19)

for x € R. Its a-cut is given by 5(X), = [p(X,), p(X,)].
and this extended measure §(-) has the following properties

from Definition 2 and [34].
Lemma5 LetX,Y € X. Then, the following (i)—(iv) hold:

() IfX =Y, then p(X) = p(Y).

(i) pX+¢)=pX)—cforceN.
(i)  p(cX) =cp(X) for c € R,
(iv)  AX+Y) = p(X) +p(Y).

5 Estimation of fuzziness with i-mean
functions and evaluation weights

Defuzzification has been studied by many researchers. In
this paper, the fuzziness of fuzzy numbers and fuzzy ran-
dom variables is estimated by A-mean functions

[, y]—A-x+(1—=2)-y (20)

with A € [0,1] and evaluation weights w(a) for closed
intervals [x, y] [32, 33]. Hence, A is called the pessimistic
index if A =1, and it is called the optimistic index if 2 =0
[9]. A defuzzification of a fuzzy number 7 € N with /-
mean and weight w(a) is given by

fo

where o-cuts of 7 are closed intervals 11, = [11, , 7, |. Here,

w(a) is called the possibility evaluation weight if w(o) = 1
for o € [0, 1], and it is also called the necessity evaluation
weight if w(a) =1—a for « € [0,1]. This approach is
corresponding to the idea in Drago and Ridella [6]. Then,
we have the following lemma from [32, Theorem 1].

Lemma 6 Let . € [0,1]. E*(-) be monotonically increas-
ing, positively homogeneous and additive on N .

For a fuzzy random variable X € X, the expectation of
the mean E(E*(X)) is a real number

E(E (X)) = <fo (1- )L) )W(“) d“>.

fo

(22)
Hence, the following lemma holds from [32, Corollary 1].

Lemma 7 [32, 33] Let /€0,
lowing properties (i)—(iii):

1]. E(E*(+)) has the fol-

(i)  E(E'(X)) = E(E(X)) for X € X.
(i) E(E*(R)) = E*(i) and E(E*(X)) =

Nand X € X.
(ii) E(E*(-)) is monotonically increasing, positively

E(X) for i €

homogeneous and additive on X.

Let X, be a family of fuzzy random variables X € X for
which there exist a random variable X € X and a fuzzy
number 7 € N such that

)f(a)) (x) = l{X(w)} (x) + ri(x)

for w € Q and x € R, where 1{‘} denotes the characteristic

(23)

function of a singleton. Lemma 7(i) implies that the expec-
tation E(-) and the mean E*(-) are exchangeable. On the other
hand, we obtain the following exchangeabilities on X,

Proposition 1 Let A € [0,1] and p € (0, 1]. For weighted
average value-at-risks and coherent risk measures, the
following equations hold:

E* (AVaR‘ (X)) =AVaR’ (E*(X)),

E'(p(X)) =p(E*(X))

for fuzzy random variables X € X,

(24)

(25)

Proof Let /. € [0,1] and p € (0, 1]. From (23), for X € X,
there exist a random variable X € X and a fuzzy number
i € N such that X(o)(x) = 1ix(w); (x) +7i(x) for w € Q
and x € R. Then, its o-cuts are

@ Springer
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X, =[X,.X,] = [X+1i,,X +}] (26)

for o € [0,1]. Together with from (18), (21) and Lem-
ma 2(iii), we get
E’(AVaR; (X))
oG- AVaR(X,) + (1 — 4) - AVaR}(
fol w(o) dot
Jy (4 AVaR! (X + ;) + (1 — 4) - AVaR} (X + 1)) () dox
B jol w(e) do
Jy (4 (AVaR!(X) +71;) + (1 — 2) - (AVaR!(X) + 71} ) w(x) da
B ﬁ: wi(o) dot
Jo ooty + (1= 2) -

fol w(e) do

X)) w(o) dot

— AVaR!(X) + J (o) do

— AVaR!(X) + E' (i)
= AVaR) (X + E'(11))
= AVaR) (E*(X)).

Thus, (24) holds. We can check (25) similarly. Therefore,
this lemma holds. Ol

In Proposition 1, we note AVaRIV,(E’A“()) is non-de-

creasing and p(E*(-)) is non-increasing. Let A € [0, 1].
Finally, from [32], we define a covariance by
Cov(E*(X), EX(Y)) = E((E"(X) - E(E"(X)))
(EX(Y) — E(EX(Y))))

for fuzzy random variables X,Y € X. We have the fol-
lowing lemma from [32, Theorems 4 and 5] .

(27)

Lemma 8 Let L€ (0,1]. For fuzzy numbers n,m € N,
fuzzy random variables X,Y € X and ¢ € Ry, the follow-
ing (i)—(iii) hold:

(i) Cov(E*(c ~)Z), E;*(c ) = czcjov(Ei ), EX(Y)).
(i) Cov(E*(X),E*(ii)) = Cov(E*(i), E<(X)) = 0.
(i)

Cov(EX(X + i), EX(Y 4+ m)) = Cov(E*(X), EX(Y)).

6 Portfolio optimization with fuzzy random
variables

Let a probability p € (0, 1] and /. € [0, 1]. Let v be the risk
spectrum in Lemma 3. Let p be the coherent risk measure
given by p = —AVaRI",', where AVaR; is the weighted
average value-at-risk (3). Let an expiration date 7 be a
positive integer. In this paper, we deal with a portfolio
model regarding n stocks as risky assets, where n is a
positive integer. For i = 1,2,...,n, {S;}IT:O denotes an s-
tock price process where the initial stock price S is a

@ Springer

positive number. Let R;' be the rate of return at time f,
which satisfies 1 + Ri >0 and

S, =S (1+R) (28)
for t =1,2,...,T. In this paper, we discuss a case where
the rates of return have fuzziness, i.e., they are given by a

. ~iNT ~
sequence of fuzzy random variables {R,},_; C X,. Hence,
we assume

14+R =0 (29)

for all r=1,2,...,T and i =1,2,...,n. Define a set of

vectors W, = {(w wh .., wh) eR"| S wi=

1 and w;' >0 for i=1,2,...,n}. As trading strategies,

we use portfolio weight vectors (w),w?,...,w") € W;. The

rate of return with a portfolio weight vector

(wh,w?, ..., W) € W, is given by

Ro= SR, (50)
i—1

Let t=1,2,...,T and A€ [0,1]. Let the mean and the

covariance of the rates of return R~;, respectively, be

u =E(Ei(1?,)), (31)
' =Cov(EX(R,), EX(R))) = E((E*(R}) — i) (E*(R)) — i}))

(32)

for i,j=1,2,...,n. Let a vector of rates of return, a
variance—covariance matrix and real numbers as follows:
1 11 12 n
e 0; 0y 0y 1
2 21 22 2n
e 0; oy 0y 1
H = 721 = . . . . >1 = 1.1
n nl n2 nn
M{ O-[ Gl PEEEEY Gt 1

(33)

A =12"1,B=1%"y,C =z "'y and 4,=
A,C, — Btz, where r denotes the transpose of a vector. We
assume the determinant of the variance—covariance matrix
2, is not zero, then there exists its inverse positive definite
matrix X', and we have A, >0 and 4, >0. These
assumptions are natural, and they can be realized easily by
taking care of the combinations of stocks. From Lemmas 6,
7 and 8, for a portfolio w, = (w},w? ..., w") € W,, the
= Y21 WiR, are

expectation and the variance regarding R,
calculated as follows:

)= 3o WEE D) = Y i (54)
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and then the corresponding variance is
V(EA(R,)) = ZZWWJCOV(E)(R) E(R)))
2 ,
=T (35)  min V(EY(R,)) =2 2B G (42)
n n L weW,(y) ! At ’
=3 el
i=1 j=1 where
: C; — By Ay —B
From (8), (34) and (35), we have value-at-risk ro _ L1 2 and  n° = 2 t (43)
4, 4,
VaR, (E*(R,)) sz:“z k(p) ZZW’W,
== The solution w in Lemma 9 is called a minimal risk
(36)  portfolio [21, 24]. Next for a constant 7 we discuss the
From (3), (36) and Proposition 1, the value-at-risk following risk minimization portfolio problem.

E)'(A\f/\ai/R; (R,)) has the following representation:

E*(AVaR! (R,)) Zwﬂut +'(p)
(37)
with constant
() = Jy x(@)v(@)dg. (38)

I v(q) dg

where «(+) is given in (8). One of the sufficient conditions
for (8) and (36) is what the rates of return R!
(i=1,2,...,n) have normal distributions. From Lemma 1

and Proposition 1, the mean of a risk measure j(R;) =

—A(’:RI‘; (R,) can be evaluated as

E'_)‘(ﬁ(RNz)) - —EA(A\TGHQ; (RNt))

== Z W“ut ' (p) Z Z WleA

i=1 j=

(39)
By mathematical programming, this paper discusses a
portfolio problem to minimize the risk values (39) in three

steps. Let a constant y € R. First, we deal with the fol-
lowing classical problem.

Minimize the variance

Zwa’ / (40)

i=1 j=

Problem 1
E’ R,

with respect to portfolios w, = (w!,w? ... .w") € W,(y),
where Wi(y) = {(Wzl7wt27 cowp) EWL [ D0 wi =0}

From the classical results in quadratic programming, we
obtain the following lemma [35, 36].

Lemma 9 The optimal portfolio in Problem 1 is given by
w =& s (41)

Problem 2 Minimize the risk values of the rate of return

E g wiwla?

i=1 j=

Z Wikt = K (p)

(44)
wi) € Wi(y).

with respect to portfolios w, = (w!, w? ...

Then, the following result is trivial from Lemma 9.

Lemma 10 Ler k'(p) satisfy k'(p) < — \/4,/A,. Then, the

optimal risk value in Problem 2 is
) = , A2 — 2By + C;
f EV4(5(R)) = —y — K e T Nt
Lot ET(p(R) = =1 = k') )
(45)

Hence, the function (45) has the following properties
from [36, Theorem 4.1]

Lemma 11 Ler x'(p) satisfy k' (p) < —
real-valued function

A,/A;. Then, a

Atyz — 2By + G

7€ R)— —y—«'(p) y (46)
t

is convex and it has the minimum

B YAy A (47)
A; A;

at
* Bf +

/[ _At (48)

Finally, we discuss the following minimization problem
of E'4(5(R,).

@ Springer
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Problem 3 Minimize the risk values

ZWﬂt—K (p)

with respect to portfolios w, = (w],

Because

'fEl_A~R~ = inf inf El_'1~R~
inf E(3(R) = in (W/EIUWI(V) R,

from Lemmas 9 and 11 we arrive at the following analyt-
ical solutions for Problem 3 in a similar way to [35].

Theorem 1 Let '(p) satisfy k'(p) < — \/4,/A;.

(i)  The minimum risk value in Problem 3 is

2
B A (p)” — 4,
= inf " (p(R)) = -+ +—
pr = of (P(R)) at A 7
(51)

and then the corresponding expected rate of

(50)

return is
. B; + A,
/r 7At (52)

A, AtKv(p)z — 4,

(i)  The optimal portfolio of Problem 3 is given by
wi =G+ (53)
where

« G — By . _Anf— B
& :T’ and ¥ :"T. (54)
(iii)  The portfolio (53) satisfies w; > 0 if Zt_l 1>0and

Z,’l,u, >0fort=1,2,...,T, where 0 denotes the

zero vector.

7 Numerical examples

In this section, we give a few examples to understand the
results in the previous sections. Yoshida [39] has studied
the relations between various utility functions and their risk
premia. In Examples 1 and 2, we discuss risk neutral utility
functions and the risk averse utility function in Sect. 3, and
we compare the results.

Example 1 Let a domain I = R and let f be a risk neutral
utility function

fx)=ax+b (55)
@ Springer

for x € R with constants a( > 0) and b(€ R). From [39,
Example 1], its risk spectrum in Lemma 3 is given by
v(p) = 1, and then the corresponding coherent risk measure
is the average value-at-risk (2). Therefore, we have

E*(AVaR} (X)) = AVaR,(E*(X)) = ; / " var J(EX(X))dg
0

(56)

for X € X and p € (0,1]. We can find this portfolio opti-
mization in Yoshida [38, Sect. 6(1)].

Example 2 let a domain I/ =R and let a risk averse
exponential utility function

fx) =

1 —e" (57)

T

for x € R with a constant t( > 0). Let X be a family of
random variables X which have normal distribution func-
tions. Define the cumulative distribution function @ : R —
(0,1) of the standard normal distribution by

d(x) (58)

1 2
=— e
AV, 27'[ /—oo
for x € R, and define an increasing function « : (0,1)—R
by its inverse function

K(p) = @' (p)

for probabilities p € (0, 1). Then, the value-at-risk satisfies
(8) with a mean yu=E(X) and a standard deviation
o = a(X). Suppose there exists a distribution function  :
R X (0,00)—[0, c0) such that

(59)

21- n/2 >

_ "71e77
- d)(:u) (l’l/2)

for (u,0) € R x [0,00), where ¢(u) is some probability

¥(u,0) (60)

1% i

T /i 4
a chi distribution with degree of freedom n. From [39,
Example 2], the component function (10) for the risk

spectrum v in Lemma 3 is reduced to

> 1 2
1-— o'e"zdo
1 /o < T et dq>

p / log( J etolep)=rla >dq)a”e T do
0

(61)

distribution, I'(+) is a gamma function and 2

Figures 1 and 2 illustrate utility functions f{x) and the
corresponding risk spectra v(p). We give the rates of return

R € X, by the following fuzzy random variables

R(@)() = Lgiop () + () (62)
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for w € Q, where Ri has a normal distribution with the
mean value E(R!) and @ is a triangle-type fuzzy number

j(x) = max{1 — x|/}, 0} (63)

for x € R with a positive number c¢!. Here, we give a simple
example to illustrate our idea. Let n = 4 be the number of
assets. Take the expected rate of return and a variance—co-
variance matrix as Table 1. We deal with a case of the pes-
simistic index (A = 1) and the necessity evaluation weight
(w(et) = 1 — o). For example, in a case of risk probability 5%,
ie., p = 0.05, in the normal distribution and utility function
f(x) =1—e* with t =1 in (57), we can easily calculate
A, =13.5861 > 0,4, =0.0112653 >0 and «'(p)< —
\/4:/A; = —0.0287955 for all p € (0, 1]. From Theorem 1,
we easily obtain the portfolio  w} =
(wh w2, w?, wih) = (0.247093,

0.281828,0.304902,0.166177) for Problem 3, and then the
expected rate of return is y; = 0.0713242 and the minimum

optimal

risk value is p} = infy,ew, E'"*(p(R,)) = —sup,, ey, E*
(AVaR? (R;)) = 0.551907.

For p = 0.01, Table 2 shows the expected rates of return
y; and the minimum risk values p; in case of pessimistic
index A =1 and necessity evaluation w(o) = 1 — o and in
case of optimistic index A =0 and possibility evaluation
w(a) = 1. Then, we can observe 0.071308 < y¥ <0.082974
and 0.678478 < p; <0.666811 in Example 2 (t = 1), and
this range is depending on decision maker’s selection of
pessimistic—optimistic index A and possibility—necessity
weight w(a), which are decided by his certainty about
information in the stock market.

It is well known that the degree of decision maker’s risk
averse attitude is represented by Arrow’s absolute risk
averse indexes —f" /f', which is calculated as —f” /f' = 0 in
Example 1 with risk neutral utilities and which follows
—f"/f" = 7( > 0) in Example 2 with risk averse utilities [3].
Table 3 implies the comparison of the expected rates of
return ; and the minimum risk values p; for utility functions
f(x) and their risk averse indexes —f”/f’. In Table 3, the

{)(x) Example 1

1 Example 2 7=1

Example2 7=2

Example 1

j\ Example2 7=2

r Example2 7=1

Fig. 1 Utility functions f{x)

v(p)
4

Example 2

2; /TZ]

Example 1

Example 2
T=2

L L L 1 L L L 1 L L L 1 L L L 1 L L L p
.0 0.2 0.4 0.6 0.8 1.0

oP

Fig. 2 Risk spectra v(p)

Table 1 Rate of return y, with fuzzy factor and variance—covariance
matrix 2,

T3 E(R}) o

i=1 0.09 0.010

i=2 0.07 0.009

i=3 0.08 0.008

i=4 0.07 0.007

i=1 0.38 — 0.06 — 0.05 0.08
i=2 — 0.06 0.34 — 0.06 0.06
i=3 — 0.05 — 0.06 0.36 — 0.04
i=4 0.08 0.06 — 0.04 0.29

minimum risk value p; becomes larger and the expected rate
of return 7; is increasing a little when the risk averse index is
larger. These data reflect the risk aversity of the utility
functions because weighted average value-at-risks AVaR)
with risk spectrum v are taking over the decision maker’s risk
averse behavior. Figures 3 and 4 illustrate the risk values p;
and the expected rates of return y; for Examples 1 and 2
(t = 1,2). In Fig. 3, we can observe the expected rate of
return y; of Example 1 increases rapidly to infinity when
p approaches to 1; however, y; of Example 2 (t =1,2)
remain stable. The reason comes from that the minimum risk
value of Example 1 gets close and crosses the line p; = 0,
which implies the no risk line (Fig. 4). These drastic changes
of graphs y; and p; in Example 1 look abnormal. Thus,
coherent risk measure given by average value-at-risk
p = —AVaR,, which corresponds to risk neutral utility
function in Example 1, gives us reasonable results only if
probability p is small. On the other hand, the coherent risk
measures p = —AVaRI‘,' derived from risk averse utility
functions in Example 2 bring us stable and reasonable results
for any positive probability p in portfolio optimization.

@ Springer
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Table 2 The expected rates of

return y; and the minimum risk Risk measure p —AVaR, (t=1) —AVaR; (t=2)
values p; for pessimistic— - - -
optimistic indexes 4 and Pess./Opti. & Nec./Poss. Pess. & Nec. Opti. & Poss. Pess. & Nec. Opti. & Poss.
possibility—necessity weights Expected rate of return y; 0.071308 0.082974 0.071305 0.082971
w(x) (p = 0.01) Minimum risk value p; 0.678478 0.666811 0.707726 0.696059
Table 3 *The expect.eq rates (.)f Risk measure j ViR _AVIR AR (= 1) AR (c=2)
return ; and the minimum risk 4 4 P P
values p; for utility functions .
f(x) and their risk averse indexes Utility function fix) - x I—e™ (1—e)/2
—f"/f" (p = 0.05) Risk averse index —f" /f’ - 0 1 2
Expected rate of return y; 0.071363 0.071335 0.071324 0.071314
Minimum risk value p; 0.374956 0.502218 0.551907 0.624703
o should be chosen based on decision maker’s philosophy in
0.0661 . . . .
, investigation and his observation of the stock market.
[ Decision maker’s utility function (57) is characterized
0.064p by the parameter 7, which coincides its risk averse index
[ Example 1 —f"/f', i.e., the degree of his risk averse attitude (Table 3).
0.062- The parameter 7 should be revised by repetition of trial and
[ error as an important factor representing his decision
0.060¢ —— making attitude. In such a way, the decision maker can use
a risk criterion based on his utility f quickly and he can
0.058} Example 2 Example 2 make asset management stable.
i t=2 r=l Using the risk spectrum v in Lemma 3, we can incor-
0056 s Ly porate the decision maker’s risk averse attitude f into
00 02 04 06 08 10 coherent risk measures. As we have seen in Figs. 3 and 4,
Fig. 3 The expected rates of return y; the coherent risk measures with the risk spectrum v bring
us reasonable estimation in portfolio optimization not only
l.opt* for small probabilities p but also large probabilities p. This
approach will be applicable to subjective risk measurement
08 Example 2 for both investment and speculation in finance and man-
Example 2 T=2 agement. In the next topic, we will need to investigate
0.6 =1 / dynamic portfolio optimization models using the coherent
risk measures with the risk spectrum v.

0.4

0.2

-0.2

Fig. 4 The minimum risk values p;

8 Concluding remarks

In Sect. 7, we have estimated fuzzy random variables not
only by pessimistic index 4 =1 and necessity evaluation
w(a) = 1 — a but also by optimistic index 4 = 0 and pos-
sibility evaluation w(o) =1 (Table 2). The parameters

@ Springer
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